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ON ZARISKI’S THEOREM IN POSITIVE CHARACTERISTIC
ILYA TYOMKIN
Abstract. In the current paper we show that the dimension of a family V of
irreducible reduced curves in a given ample linear system on a toric surface S
over an algebraically closed field is bounded from above by −KS .C+pg(C)−1,
where C denotes a general curve in the family. This result generalizes a famous
theorem of Zariski to the case of positive characteristic. We also explore new
phenomena that occur in positive characteristic: We show that the equality
dim(V ) = −KS .C + pg(C) − 1 does not imply the nodality of C even if C
belongs to the smooth locus of S, and construct reducible Severi varieties on
weighted projective planes in positive characteristic, parameterizing irreducible
reduced curves of given geometric genus in a given very ample linear system.
1. Introduction
In 1982, Zariski proved the following remarkable theorem over an algebraically
closed field of characteristic zero:
Theorem 1.1 ([11, Theorem 2]). Let S = P2 be the projective plane, L ∈ Pic(S)
be a line bundle, V ⊂ |L| be an irreducible subvariety, whose general closed point
corresponds to a reduced curve C. Then
(1) dim(V ) ≤ −KS.C + pg(C) − 1; and
(2) If the equality holds, then C is nodal.
Under certain numerical conditions on L and KS, Zariski’s theorem was gen-
eralized to the case of families of curves on rational surfaces satisfying tangency
conditions by Harris [5, Proposition 2.1], Caporaso-Harris [2, Propositions 2.1, 2.2],
[3, Proposition 2.1], Vakil [10, Theorem 3.1], and others. Zariski’s theorem and its
generalizations played an important role in Harris’s proof of the irreducibility of
Severi varieties [5], and in a series of enumerative results [2, 3, 10].
Two different approaches were developed to prove Zariski’s theorem and its gen-
eralizations, and both of them used the assumption on the characteristic. Thus,
the question whether Zariski’s theorem and its generalizations hold true in positive
characteristic remained open.
In the original Zariski’s approach, the assumption was used in order to find a
local parameter that would parameterize a general one-dimensional subfamily in
V and the nodes of the corresponding curves [11, p.216]. Note that in positive
characteristic such local parameter does not exist in general.
The second approach was developed by Caporaso and Harris, and is based on
a result of Arbarello and Cornalba [1]. The main idea was to embed the tangent
space TxV , where x ∈ V is a general closed point, into the space of first-order
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deformations Def1(C, f), where C is the normalization of the curve corresponding
to x and f : C → S is the natural map; and to describe the image of TxV in
Def1(C, f). Thus, the assumption on the characteristic was essential in order
to pass from the embedded deformations of curves to deformations of maps from
their normalizations to the surface [2, p.356], [3, p.159]. The latter is possible in
characteristic zero, since if C → T is a one-parameter family of curves and C˜ → C
is its normalization then over an open subset T ′ ⊂ T , the fibers of C˜ → T are
smooth, hence coincide with the normalizations of the fibers of C → T , which is no
longer true in positive characteristic. In positive characteristic, one may need, first,
to proceed with a purely inseparable base change, which destroys the argument
based on the first-order computations.
The generalizations of Zariski’s theorem can be summarized as follows: Let S be a
rational surface, E ⊂ S be a reduced curve, and L ∈ Pic(S) be a line bundle. For an
irreducible component E′ ⊂ E, let αE
′
= (αE
′
1 , α
E′
2 , . . . ) and β
E′ = (βE
′
1 , β
E′
2 , . . . )
be sequences of non-negative integers such that
∑
i iα
E′
i +
∑
i iβ
E′
i = L.E
′, and
let ΩE
′
= {pE
′
i,j}i, 1≤j≤αi ⊂ E
′ be a family of general points. For a sequence of
integers γ = (γ1, γ2, . . . ), set |γ| :=
∑
i γi and Iγ :=
∑
i iγi. Set |α| :=
∑
E′ |α
E′ |,
|β| :=
∑
E′ |β
E′ |, and Ω := ∪ΩE
′
; and let G ⊂ S be any curve disjoint from Ω.
Theorem 1.2. Let V ⊂ |L| be a positive-dimensional irreducible subvariety, whose
general closed point corresponds to a reduced irreducible curve C. Assume that
−C.(KS + E) + |β| > 1, C belongs to the smooth locus of S, and for any irre-
ducible component E′ ⊂ E, the normalization C˜ contains points {qE
′
i,j}i, 1≤j≤αi and
{rE
′
i,j}i, 1≤j≤βi such that q
E′
i,j are mapped to p
E′
i,j, and f
∗(E′) =
∑
i(qE
′
i,j +r
E′
i,j ), where
f : C˜ → C →֒ S denotes the natural map. Then
(1) dim(V ) ≤ −C.(KS + E) + |β|+ pg(C)− 1; and
(2) If the equality holds, then df is nowhere zero, Ω is the set of base points of V ,
C is smooth along its intersection with E, and C intersects G transversally.
If, in addition, C is singular and −C.(KS + E) + |β| > 3 then C is nodal.
In the current paper we consider the case of pairs (S,E), where S is a toric sur-
faces and E = ∂S is the complement of the maximal orbit. We give a characteristic-
independent proof of the first part of Theorem 1.2 for such pairs (S,E). We also
construct counterexamples to the second part of the theorem in positive character-
istic. Our examples include families of plane curves satisfying tangency conditions,
and families of curves on weighted projective planes with no tangency conditions
imposed. We note here, that so far we have found no counterexamples to the second
part of the original Zariski’s theorem. Finally, we use these examples to construct
reducible Severi varieties on weighted projective planes in positive characteristic.
Our approach to Theorem 1.2 (1) is based on the canonical tropicalization pro-
cedure in positive characteristic developed in [9]: We replace the ground field by
a field equipped with a non-Archimedean valuation. To a given curve C ⊂ S, we
associate a parameterized tropical curve (Γ, hΓ) of genus at most pg(C) in a canon-
ical way. Then we show that the dimension of V is bounded by the dimension of
the space of tropical curves satisfying certain conditions. Note, that the latter di-
mension does not depend on the characteristic! Finally, we show that it is bounded
by −C.(KS + E) + |β|+ pg(C)− 1.
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The idea beyond our counterexamples to the second part of Theorem 1.2 is the
following: If the toric surface S is the quotient of another surface S˜ by an action
of µp, where p > 2 is the characteristic, then S˜ → S is bijective, and the images
of smooth curves C ⊂ S˜ may have only unibranch singularities of type Ap−1.
This observation leads to Theorems 4.1 and 4.2 that show existence of maximal-
dimensional families of curves with singularities of type Ap−1, which contradicts
the statement of Theorem 1.2 (2) in positive characteristic.
In order to construct reducible Severi varieties on toric surfaces in positive char-
acteristic, we use the examples above and some deformation theory to exhibit non-
empty components of the Severi varieties, whose general closed points correspond
to curves having different types of singularities.
Finally, we would like to recall our conjecture [8, Conjecture 1.2]:
Conjecture 1.3. If S is a toric surface over an algebraically closed field of char-
acteristic zero, L ∈ Pic(S) is an effective class, and g ≥ 0 is a non-negative integer
then the Severi variety V irr(S,L, g) parameterizing irreducible nodal curves of genus
g in the linear system |L| that do not contain the zero-dimensional orbits of S is
either empty or irreducible.
The conjecture is known to be true in the plane case due to the famous result
of Harris [5], and in the case of Hirzebruch surfaces [8]. In [8], we also prove the
conjecture for rational curves on any toric surface in arbitrary characteristic. As
our examples show, the analog of the conjecture fails in positive characteristic.
However, we believe that it does hold true in characteristic zero.
1.1. Plan of the paper. In Section 2, we recall the definitions and basic proper-
ties of parameterized tropical curves, and of the canonical tropicalization procedure.
Section 3 is devoted to the proof of Theorem 1.2 (1) for toric pairs (S,E) in arbi-
trary characteristic. In Section 4, we construct counterexamples to Theorem 1.2 (2)
(Theorems 4.1 and 4.2), and examples of reducible Severi varieties on weighted pro-
jective planes (Theorem 4.3) in positive characteristic. The necessary deformation
theory for the proof of Theorem 4.3 is discussed in Subsection 4.2.1
1.2. Conventions and notation.
1.2.1. Non-Archimedean base field. Throughout this paper, k denotes an algebraically
closed field, R denotes a complete discrete valuation ring with residue field k and
field of fractions F, F denotes the separable closure of F, and ν denotes the valuation
on F normalized such that ν(F∗) = Z. For an intermediate extension F ⊆ L ⊆ F,
RL denotes the ring of integers in L. Note that if [L : F] < ∞ then RL is a com-
plete discrete valuation ring since R is so. For two finite intermediate extensions
F ⊆ K ⊆ L ⊆ F, the relative ramification index [ν(L∗) : ν(K∗)] is denoted by eL/K,
and if K = F then it is denoted simply by eL. For a finite intermediate extension
F ⊆ L ⊆ F, tL denotes a uniformizer in RL.
1.2.2. Algebraic varieties. For an algebraic variety X defined over a ring A, and an
A-algebra B, we denote by X(B) the set of B-points of X . If L is a line bundle
on X then Ld := L⊗d denotes the d-th tensor power of L. If D ⊂ X is a reduced
divisor whose generic points belong to the regular locus of X then ΩX(log(D))
denotes the corresponding log-differential forms, i.e., forms having at most simple
poles at the generic points of D.
4 ILYA TYOMKIN
1.2.3. Latices and toric varieties. In this paper, M denotes a lattice of finite rank,
N := HomZ(M,Z) denotes the dual lattice, and Σ denotes a fan in NR := N ⊗Z R.
We set TN := SpecZ[M ] and NQ := N ⊗Z Q. The monomials in Z[M ] are denoted
by xm. For σ, τ ∈ Σ, set Xσ := SpecZ[σˇ∩M ], Xστ := Xσ∩Xτ = Xσ∩τ , and XΣ :=
∪σ∈ΣXσ; and denote by ∂XΣ the complement of TN in XΣ. Recall that m 7→
dxm
xm
gives a canonical isomorphism from M ⊗ZOX to the sheaf of log-differential forms
ΩXΣ(log(∂XΣ)). Rays, i.e., one-dimensional cones, in Σ are denoted by ρ. For any
ray ρ ∈ Σ, the closure of the corresponding codimension-one orbit is denoted by
Eρ. Then ∂XΣ := ∪ρEρ. For a lattice polytope ∆ ⊂ MR := M ⊗Z R dual to the
fan Σ, the tautological ample line bundle on XΣ is denoted by OXΣ(∆).
1.2.4. Graphs. The graphs we consider in this paper are finite connected graphs.
They are allowed to have loops and multiple edges. For a given graph Γ, the sets of
vertices and edges of Γ are denoted by V (Γ) and E(Γ). For v ∈ V (Γ), val(v) denotes
the valency of v. Vk(Γ) denotes the set of vertices of valency k. If v, v
′ ∈ V (Γ) then
Evv′(Γ) denotes the set of edges connecting v and v
′. Most graphs in the paper
are topological graphs, i.e., CW complexes of dimension one consisting of: (i) a
0-dimensional cell for each vertex, and (ii) a 1-dimensional cell for each edge glued
to the 0-dimensional cells corresponding to the boundary vertices of the edge.
2. Tropicalization
The canonical tropicalization procedure for curves over non-Archimedean fields
in arbitrary characteristic was developed in [9]. In this section, we remind the
construction and summarize the facts needed for the proof of the main result.
2.1. Tropical and parameterized tropical curves. Several different definitions
of (parameterized) tropical curves can be found in the literature. Below, we follow
[9], and give a version of the definitions that are most convenient for our purposes.
Definition 2.1. A tropical curve is a topological graph Γ equipped with a complete,
possibly degenerate, inner metric and with the following structure (s1),(s2); and
satisfying the following properties (p1),(p2),(p3):
(s1) Γ has two types of vertices: finite vertices and infinite vertices,
(s2) the set of infinite vertices is equipped with a complete order, and is denoted
by V∞(Γ), the set of finite vertices is just a set and is denoted by V f (Γ);
(p1) Γ has finitely many vertices and edges;
(p2) any infinite vertex has valency one and is connected to a finite vertex by an
edge, called unbounded edge. Other edges are called bounded edges. The set
of bounded edges is denoted by Eb(Γ), and of unbounded edges by E∞(Γ);
(p3) any bounded edge e is isometric to a closed interval [0, |e|], where |e| ∈ R
denotes the length of e, and any unbounded edge e is isometric to [0,∞],
where the isometry maps the infinite vertex to ∞. Hence |e| = ∞ if e is
unbounded, and the restriction of the metric to Γ\V∞(Γ) is non-degenerate.
A Q-tropical curve is a tropical curve such that |e| ∈ Q∪ {∞} for any e ∈ E(Γ). A
tropical curve is called irreducible if the underlying graph Γ is connected. The
connected components of Γ are called irreducible components. The genus of a
tropical curve Γ is defined by g(Γ) := 1 − χ(Γ) = 1 − |V (Γ)| + |E(Γ)|. If Γ is
irreducible then g(Γ) = b1(Γ). A tropical curve is called stable if all its finite vertices
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have valency at least 3. An isomorphism of tropical curves is an isomorphism of
metric graphs.
Remark 2.1. Let us explain the algebra-geometric motivation for this version of the
definition: Let (C,D) be a smooth curve with marked points defined over the field F.
Let (CRL , DRL) be a nodal model of (C,D). One can associate to it a tropical curve
ΓCRL ,DRL in the following way: The set of finite vertices is the set of irreducible
components of the reduction of CRL , and the set of infinite vertices is the set of
marked points D ≡ DRL . The set of edges connecting two finite vertices is defined
to be the set of common nodes of the corresponding components. In particular, if
a component Cv is singular then each singular point of Cv corresponds to a loop at
the corresponding finite vertex v. Finally, if a marked point specializes to certain
component then the corresponding vertices are connected by an unbounded edge.
It remains to specify the lengths of the bounded edges of ΓCRL ,DRL . For a bounded
edge e, set |e| := re+1eL if CRL has singularity of type Are at the corresponding node,
i.e., e´tale locally it is given by an equation xy = tre+1L . Observe that the length |e|
is independent of L. Indeed, if L ⊂ L′, (CR
L′
, DR
L′
) = (CRL , DRL)×SpecRL SpecRL′ ,
and CRL has singularity of type Ar at a node p then CRL′ has singularity of type
Ae
L′/L(r+1)−1
; hence r+1eL =
e
L′/L(r+1)−1+1
e
L′
. If the pair (C,D) is stable then it admits
a distinguished model, namely the stable model, and the associated tropical curve
is independent of the field extension L. Note that C is irreducible if and only if
ΓCRL ,DRL is so. Note also, that the genus of C is equal to the genus of ΓCRL ,DRL
plus the sum of the genera of the irreducible components of the reduction of CRL .
In particular, g(C) = g(ΓCRL ,DRL ) if and only if C is a Mumford curve.
Example 2.1. Let F := C((t)) be the field of Laurent power series, R := C[[t]] be
the ring of integers, C ⊂ P2(F) be the line given by the homogeneous equation
x + ty = z, and q1 = [1 − t : 1 : 1], q2 = [1 : 0 : 1], q3 = [−t : 1 : 0], q4 = [0 : 1 : t]
be the marked points. Let us describe the stable model of (C,D) in this case: the
homogeneous equation x+ty = z defines a nodal model of the curve C over the ring
of integers R, whose reduction has unique component L (the line in the complex
plane given by the equation x = z). Plainly, q3 and q4 specialize to the same point
[0 : 1 : 0]. Hence this integral model is not even a nodal model of the pair (C,D). To
resolve this issue, one must blow it up at the point [0 : 1 : 0]. In local coordinates,
the initial model was given by SpecC[[t]][xy ,
z
y ]/(
x
y −
z
y + t) ≃ SpecC[[t]][
x
y ], the
marked points q3, q4 were given by
x
y = −t and
x
y = 0, L was given by t = 0, and
the blow up we perform has center at t = xy = 0. Denote the exceptional divisor
by E. Now, q1, q2 specialize to two distinct points of the proper transform of L
(which we denote again by L), and q3, q4 specialize to two distinct points of E.
Furthermore, the specializations are distinct from the node of the reduction. Thus,
we have constructed a nodal model, which is stable since each component of the
reduction contains three special points. We can now describe the tropical curve
associated to the stable model of the pair (C,D): It has two finite vertices vL and
vE corresponding to the components L and E of the reduction. The finite vertices
are joined by a unique bounded edge e of length one, since the stable model is
defined over F, and the intersection point E ∩ L is a regular point of the stable
model. Furthermore, there are four infinite vertices corresponding to the marked
points. The infinite vertices corresponding to q1 and q2 are connected to vL, and
the rest are connected to vE .
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✘✘✘
✘✘
❳❳❳❳❳
❳❳❳
❳❳
✘✘✘✘✘ |e| = 1
s s
vL vE
q q
q q
vq4
vq3
vq2
vq1
Definition 2.2. Let N be a lattice. An NR-parameterized tropical curve is a pair
(Γ, hΓ), where Γ is a tropical curve, and hΓ : V (Γ)→ NR is a map such that
(1) hΓ(v) ∈ N for any infinite vertex v ∈ V
∞(Γ);
(2) 1|e| (hΓ(v)− hΓ(v
′)) ∈ N for any bounded edge e ∈ Evv′ (Γ);
(3) (Balancing condition) for any finite vertex v the following holds:∑
v′∈V f (Γ), e∈Evv′ (Γ)
1
|e|
(hΓ(v
′)− hΓ(v)) +
∑
v′∈V∞(Γ), e∈Evv′ (Γ)
hΓ(v
′) = 0.
If hΓ(v) ∈ NQ for all vertices v then Γ is called NQ-parameterized Q-tropical curve.
Remark 2.2. Usually, one defines a parameterized tropical curve to be a tropical
curve Γ together with a map h : Γ\V∞(Γ)→ NR satisfying certain properties. Note,
that after identifying the edges with straight intervals, a parameterized tropical
curve in the sense of Definition 2.2 defines h as follows: h is the unique continuous
map that coincides with hΓ on the set of finite vertices, maps bounded edges e ∈
Evv′(Γ) linearly onto the intervals [hΓ(v), hΓ(v
′)], and maps unbounded edges e ∈
Evv′(Γ), with v
′ ∈ V∞(Γ), linearly onto the intervals hΓ(v) + R+ · hΓ(v′).
Remark 2.3. Let us give some algebra-geometric motivation for this definition: Let
(C,D) be a smooth curve with marked points defined over the field F, and let
f : C \ D → TN (F) be a morphism to an algebraic torus. Recall that if (C,D)
is stable then there is a tropical curve associated to it in a canonical way. Let
Γ be this tropical curve. We claim that Γ admits a natural structure of an NQ-
parameterizedQ-tropical curve. Indeed,let v be a vertex. Then either v corresponds
to a component of the reduction, or it corresponds to a marked point. In both cases,
the order of vanishing ordv(f
∗(xm)) is a linear function on M , hence an element of
N . Set hΓ(v) :=
1
eL
ordv(f
∗(x•)) ∈ NQ if v is finite, and hΓ(v) := ordv(f∗(x•)) ∈ N
if v is infinite. Then hΓ is independent of the choice of L, and (Γ, hΓ) is an NQ-
parameterized Q-tropical curve by [9, Lemma 2.11].
Example 2.2. Let (C,D) be as in Example 2.1, i.e., C ⊂ P2 is the line given by
the homogeneous equation x + ty = z over the field F := C((t)), and the marked
points are q1 = [1 − t : 1 : 1], q2 = [1 : 0 : 1], q3 = [−t : 1 : 0], q4 = [0 : 1 : t]. As we
have seen in Example 2.1, the tropical curve Γ corresponding to the stable model
of the pair (C,D) has two finite vertices vL and vE joined by an edge of length
one, and four infinite vertices. The infinite vertices corresponding to q1 and q2 are
connected to vL, and the rest are connected to vE . Let T := G
2
m(F) ⊂ P
2(F) be
the standard torus. Then we have a natural embedding f : C \D → T , and hence
Γ admits a natural structure of a parameterized tropical curve. Let us describe
the corresponding function hΓ: The function
x
z is invertible at the generic point
of L, and at the generic point of E, and at q1, and at q2. It vanishes to order
one at q4, and it has a simple pole at q3. Similarly, the function
y
z is invertible
at the generic point of L, and at q1, and at q4. It vanishes to order one at q2,
and it has a simple pole at the generic point of E and at q3. Thus, hΓ(vL) =
(0, 0), hΓ(vE) = (0,−1), hΓ(vq1) = (0, 0), hΓ(vq2 ) = (0, 1), hΓ(vq3) = (−1,−1),
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hΓ(vq4) = (1, 0). In this case, it is very easy to verify the balancing condition
directly: at vE we have [(0, 0)− (0,−1)] + (1, 0) + (−1,−1) = (0, 0), and at vL we
have [(0,−1) − (0, 0)] + (0, 1) = (0, 0). Finally, let us describe the corresponding
map h : Γ \ V∞(Γ) → R2: it contracts the unbounded edge containing vq1 to the
point (0, 0) = hΓ(vL), maps the bounded edge to the straight interval joining (0, 0)
and (0,−1), and maps the unbounded edges connected to q2, q3, q4 to the rays
(0, 0) + R+ · (0, 1), (0,−1) + R+ · (−1,−1), (0,−1) + R+ · (1, 0).
✘✘✘
✘✘
❳❳❳❳❳
❳❳❳
❳❳
✘✘✘✘✘
✲
 
 
 
 
 
 ✠
✻
❄
h
s s
s
s
vL vE
hΓ(vL) = (0, 0)
hΓ(vE) = (0,−1)
q q
q q
vq4
vq3
vq2
vq1
hΓ(vq2 ) =
−−−→
(0, 1)
hΓ(vq4 ) =
−−−→
(1, 0)
hΓ(vq3 ) = −
−−−→
(1, 1)
Remark 2.4. It is easy to check that in Example 2.2, h(Γ \ V∞(Γ)) ∩Q2 coincides
with the non-Archimedean amoeba
A(C) :=
{(
ν
(x
z
(p)
)
, ν
(y
z
(p)
))
|p ∈ C(F) ∩G2m(F)
}
.
One can prove that a similar statement holds true for any curve in a toric variety.
Definition 2.3. Let (Γ, hΓ) be an NR-parameterized tropical curve, v ∈ V f (Γ) be
a finite vertex, e ∈ Evv′(Γ) be an edge, and v
′′ ∈ V∞(Γ) be an infinite vertex.
(1) The multiplicity of e is the integral length of 1|e| (hΓ(v) − hΓ(v
′)) if e is
bounded, and is the integral length of hΓ(v
′) if e is unbounded. The mul-
tiplicity of e is denoted by l(e).
(2) The multiplicity of v′′ is the integral length of hΓ(v
′′).
(3) The slope of e is the subspace R ·(hΓ(v)−hΓ(v′)) ⊆ NR if e is bounded, and
is R ·hΓ(v′) ⊆ NR if e is unbounded. The slope of e is denoted by NR,e, and
the lattice N ∩NR,e is denoted by Ne. If NR,e 6= 0 then Ne and NR,e have a
generator ne =
1
l(e)|e| (hΓ(v) − hΓ(v
′)) if e is bounded, and ne =
1
l(e)hΓ(v
′)
if e is unbounded. In the second case, it is a distinguished generator, while
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in the first case, it is defined only up-to a sign. However, if an orientation
of the bounded edge is given then the generator is also distinguished.
(4) The degree of Γ is the collection of pairs (nk, dk), where {n1, . . . , ns} is the
set of non-zero distinguished generators of slopes of unbounded edges, and
dk =
∑
e∈E∞(Γ),ne=nk
l(e). The degree is denoted by deg(Γ).
(5) By a combinatorial type of (Γ, hΓ) we mean the isomorphism class of the
underlying graph Γ equipped with the sublattice l(e)Ne for all e ∈ E(Γ).
Remark 2.5. Balancing condition implies
∑
(n,d)∈deg(Γ) dn = 0.
Example 2.3. In Example 2.2, the multiplicities of all edges are one, Ne = Z · (0, 1),
ne1 =
−−−→
(0, 0), ne2 =
−−−→
(0, 1), ne3 = −
−−−→
(1, 1), and ne4 =
−−−→
(1, 0), where ei denotes the
unbounded edge connected to the infinite vertex vqi for any i. Finally, deg(Γ) =
{(ne2 , 1), (ne3 , 1), (ne4 , 1)}.
The following combinatorial lemma is a version of Mikhalkin’s [6, Proposi-
tion 4.13] and Nishinou-Siebert’s [7, Proposition 2.1] that we will need in the proof
of Theorem 1.2 (1) in the toric setting. The lemma follows from either of these
propositions, but since our definitions are slightly different, it may be not obvious.
Thus, we include a proof for the convenience of the reader.
Lemma 2.4. For r ∈ N, the number of combinatorial types of NR-parameterized
stable tropical curves (Γ, hΓ) of given degree and genus, for which |V∞(Γ)| < r, is
finite.
Proof. Fix a basis {mi} ⊂ M . Then any NR-parameterized tropical curve (Γ, hΓ)
defines R-parameterized tropical curves (Γ, hiΓ) := (Γ,mi◦hΓ). Fix an orientation of
the bounded edges of Γ, and let li(e) and nie be the multiplicity and the distinguished
generator of the slope of e in (Γ, hiΓ). Then l(e)ne =
∑
i l
i(e)nie. Thus, it is sufficient
to prove the lemma for N = Z. The degree in this case is deg = {(
−→
1 , d), (
−→
−1, d)},
which we denote simply by d; and the combinatorial type of (Γ, hΓ) is completely
determined by the function l : E(Γ)→ Z≥0.
Let (Γ, hΓ) be an R-parameterized stable tropical curve of degree d and genus
g. Then
∑
e∈E∞(Γ) l(e) = 2d. Fix an orientation of the edges of Γ, and a complete
ordering on V f (Γ), both compatible with the standard orientation of R via hΓ.
Then the balancing condition at a finite vertex v is equivalent to the following:∑
e∈E(Γ) ǫ(e, v)l(e) = 0, where ǫ(e, v) = −1 if v is the initial point of e, ǫ(e, v) = 1
if v is the target of e, and ǫ(e, v) = 0 otherwise. Let us associate to (Γ, hΓ) the
following datum: the isomorphism class of the underlying graph Γ, the orientation
of the edges, the ordering on V f (Γ), and the function l∞ := l|E∞(Γ).
We claim that the set of such data associated to R-parameterized stable trop-
ical curves of degree d and genus g is finite. Indeed, it is sufficient to show that
the number of isomorphism classes of the underlying graphs Γ is finite. But
|E(Γ)| = |V (Γ)| + g − 1 < 2r + 3g − 3, since |E(Γ)| − |V (Γ)| = g − 1 and
2|E(Γ)| =
∑
v∈V (Γ) val(v) > 3|V (Γ)| − 2r, which implies the claim.
It remains to show that the number of the combinatorial types of (Γ, hΓ) corre-
sponding to a given datum is finite; but the latter is plainly true by induction on
the linearly ordered set V f (Γ), since the balancing condition allows only finitely
many possibilities for l(e) for any edge e with initial vertex v if the values l(e) are
given for all edges e with initial vertices u < v. 
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2.2. The parameterized tropical curve corresponding to a reduced curve
in a toric variety defined over F. Let XΣ be a toric variety. Set X := XΣ(F)
and T := TN(F). Let x1, . . . , xk ∈ T be points, C ⊂ X be a reduced irreducible
curve containing {x1, . . . , xk} in its smooth locus, and f : C˜ → X be the natural
map from its normalization to X . Assume that C does not intersect the union of
orbits of codimension greater than one. Set D := f−1({x1, . . . , xk} ∪ ∂X), and fix
a linear ordering D = {q1, . . . , qr} such that xi = f(qi) for all 1 ≤ i ≤ k. Let
(CRL , DRL) be the stable model of (C˜,D).
We define the corresponding NQ-parameterized Q-tropical curve (Γ, hΓ) as fol-
lows: Γ is the tropical of the stable model of the pair (C˜,D) as constructed in
Remark 2.1, and (Γ, hΓ) is the corresponding parameterized tropical curve as con-
structed in Remark 2.3. The following claim follows immediately from the defini-
tions:
Claim 2.5. The multiplicity of qi in f
∗(∂X) is equal to the multiplicity of vqi . If
f(qi) belongs to the big orbit of the divisor Eρ ⊆ ∂X then hΓ(vqi) ∈ ρ.
Let qi ∈ D be a point, and vi be the unique finite vertex connected to vqi .
Then t
−eLhΓ(vi)(m)
L f
∗(xm) does not vanish along the closure of qi in DRL for all
m ∈ hΓ(vqi)
⊥ ⊂M . Hence the following equality holds for all m ∈ hΓ(vqi )
⊥ ⊂M :
(2.1) hΓ(vi)(m) = ν(f
∗(xm)(qi)) = ν(x
m(f(qi)))
From now on we assume that f(qi) belongs to the big orbits of ∂X for i > k.
Notation 1. For i ≤ k, denote by Ai ∈ NQ the unique element mapping m to
ν(xm(xi)). For i > k, set Lf(qi) := {n ∈ NQ |n(m) = ν(x
m(f(qi))), ∀m ∈ ρ⊥},
where ρ ∈ Σ is such that f(qi) ∈ Eρ.
Corollary 2.6. hΓ(vi) = Ai if i ≤ k, and hΓ(vi) ∈ Lf(qi) otherwise.
Example 2.4. In Example 2.2, k = 1, v1 = v2 = vL, and v3 = v4 = vE . Plainly,
A1 = (0, 0) since ν(
x
z (q1)) = ν(1 − t) = 0 = ν(1) = ν(
y
z (q1)). Thus, A1 = hΓ(v1)
as expected. The fan of the projective plane contains three rays ρ2 := R+ · (0, 1),
ρ3 := R+ · (−1,−1), and ρ4 := R+ · (1, 0), and for each i > 1 the point qi belongs to
the big orbit of the divisor Eρi . Thus, by definition, we have Lf(q2) = {(0, s)|s ∈ R},
Lf(q3) = {(s + 1, s)|s ∈ R}, Lf(q4) = {(s,−1)|s ∈ R}; and hΓ(vi) ∈ Lf(qi) for all
i > 1 as expected.
2.3. Deformations of parameterized tropical curves.
Definition 2.7. Let (Γ, hΓ) be an NR-parameterized tropical curve. By a defor-
mation of (Γ, hΓ) we mean a germ of a continuous family {(Γs, hΓs)}s∈(R,0) of NR-
parameterized tropical curves such that (Γ0, hΓ0) = (Γ, hΓ), and the combinatorial
type of the underlying graph of Γs is independent of s.
Any deformation of (Γ, hΓ) induces a deformation of the underlying graph, which
can be canonically trivialized. Hence we may consider only deformations of Γ
inducing the trivial deformation of the underlying graph. The multiplicities and
the slopes of the edges are preserved by deformations since the lattice N ⊂ NR
is discrete. This also shows that the lengths |e|s of bounded edges e ∈ Evv′ with
non-trivial slopes are uniquely defined by the values of hΓs(v) and hΓs(v
′), since
the integral length l(e) of 1|e|s (hΓs(v) − hΓs(v
′)) ∈ N is independent of s.
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Fix an orientation of the bounded edges of Γ, and consider the linear map
⊕v∈V f (Γ)NR → ⊕e∈Eb(Γ)(N/Ne)R
given by xv 7→
∑
e∈Eb(Γ)(ǫ(e, v)xv mod (Ne)R), where ǫ(e, v) = −1 if v is the initial
point of e, ǫ(e, v) = 1 if v is the target of e, and ǫ(e, v) = 0 otherwise. Denote its
kernel by E1R(Γ). Then the universal deformation of Γ, i.e., the space of deformations
up to isomorphism, can be identified naturally with the germ at the identity of the
group E1R(Γ) × R
c(Γ)
≥0 , where c(Γ) denotes the number of bounded edges of Γ with
trivial slope: To a deformation {(Γs, hΓs)}s∈R one associates the collection[
(hΓs(v)− hΓ(v))v∈V f (Γ) ,
(
|e|s
|e|0
)
e,Ne=0
]
∈ E1R(Γ)× R
c(Γ)
≥0 .
Remark 2.6. Deformations of NQ-parameterized Q-tropical curves are controlled
by E1Q(Γ)×Q
c(Γ)
≥0 defined similarly.
Example 2.5. In Example 2.2, c(Γ) = 0. Fix the orientation of the bounded edge e
such that vE is the initial point. Then the linear map
R2 ⊕ R2 = ⊕v∈V f (Γ)NR → ⊕e∈Eb(Γ)(N/Ne)R = R
2/R · (0, 1) = R
is given by ((a, b), (c, d)) 7→ c− a. Hence the universal deformation of (Γ, hΓ) is the
germ of the group E1R(Γ) = {((a, b), (a, d))|a, b, d ∈ R} ≃ R
3 at the identity.
Let us now explain the idea of the proof of Theorem 1.2 (1) for toric sur-
face S = XΣ(k) and boundary divisor E = ∂XΣ(k) = ∪ρEρ(k). In this case
KS + E = 0. Assume for simplicity that |α| = 0. If V has dimension k then
there exists a curve of geometric genus g in the linear system L passing through
k general points x1, . . . , xk in the torus, and we may choose these points such
that the points A1, · · · ,Ak of Notation 1 are in general position in the plane
NQ. Thus, the corresponding parameterized tropical curve (Γ, hΓ) “passes” through
the points A1, · · · ,Ak, i.e., the first assertion of Corollary 2.6 is satisfied. How-
ever, by Mikhalkin’s [6, Proposition 2.23], the dimension of the universal defor-
mation space of such tropical curve is at most |β| + pg(C) − 1, and hence (Γ, hΓ)
may “pass” through at most |β| + pg(C) − 1 points in general position. Thus,
dim(V ) = k ≤ |β|+ pg(C)− 1 = −C.(KS + E) + |β|+ pg(C) − 1.
3. The proof of the main theorem
In this section we prove Theorem 1.2 (1) for a toric surface S = XΣ(k) and
boundary divisor E = ∂XΣ(k) = ∪ρEρ(k).
Assume to the contrary that dim(V ) ≥ −C.(KS+E)+ |β|+pg(C) = |β|+pg(C).
Set k := dim(V ), R := k[[t]], F := Frac(R), and consider S(F), E(F), and V (F).
Then the curve corresponding to a general point of V (F) satisfies the assumptions
of Theorem 1.2. To simplify the notation we will omit F below.
For any irreducible component E′ = Eρ ⊂ E, the points pE
′
i,j belong to the max-
imal orbit of E′, and we may assume that the collection of lines LpE′i,j
of Notation 1
is general in the set of lines with the slope ρ. Let xi ∈ TN (F), 1 ≤ i ≤ k, be
general points such that the collection {Ai ∈ NQ} of Notation 1 is general. Then
there exists a point in V such that the corresponding curve contains x1, . . . , xk in
its smooth locus, and without loss of generality we may assume that this curve is
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C. After replacing (R,F) with a finite separable extension, we may assume that C,
xi, and p
E′
i,j are defined over F.
Consider the natural map f : C˜ → S from the normalization of C to S, and set
D := f−1({x1, . . . , xk} ∪ E). Set r := k + |α| + |β|, and fix a linear ordering D =
{q1, . . . , qr}, such that the first k points are mapped to x1, . . . , xk, and the next |α|
points are mapped to {pE
′
i,j}E′,i,j . Let (Γ, hΓ) be the NQ-parameterized Q-tropical
curve corresponding to C. Then g(Γ) ≤ pg(C), and deg(Γ) = {(nρ, dρ)}, where
dρ = C.Eρ by Calim 2.5. Furthermore, hΓ(vi) = Ai for i ≤ k and hΓ(vi) ∈ Lf(qi)
for k < i ≤ k + |α| by Corollary 2.6.
By Lemma 2.4, there exist only finitely many combinatorial types of NQ-parame-
terized Q-tropical curves of degree {(nρ, dρ)} and genus at most pg(C). Thus,
without loss of generality, we may assume that for sufficiently small deforma-
tions Ai(s) ∈ NQ and Li(s)||Lf(qi), there exists a deformation (Γs, hΓs) such that
hΓs(vi) = Ai(s) for i ≤ k and hΓs(vi) ∈ Li(s) for k < i ≤ k + |α|. One could finish
the proof by saying that we get a contradiction to [6, Proposition 2.23]. However, to
make the presentation self-contained, we give a complete proof here. It is different
from Mikhalkin’s proof of [6, Proposition 2.23], but is based on the idea of the proof
of [6, Proposition 4.19].
Fix an orientation of the bounded edges of Γ. Then the natural linear projection
(3.1) E1Q(Γ)։ ⊕
k
i=1NQ
⊕
⊕ri=k+1(N/Nei)Q
is surjective. Consider the graph Γ′ obtained from Γ by removing the vertices
vqi and vi, and the unbounded edges ei = vqivi for i ≤ k, and gluing one-valent
finite vertices to the edges that have contained the finite vertices vi. We note here
that (Γ′, hΓ|Γ′) is not a parameterized tropical curve since it does not satisfy the
balancing condition at the new finite vertices. Then
−|β| > −1− |β| ≥ −χ(Γ)− k ≥ −χ(Γ′) = −
∑
χ(Γj) =
∑
(b1(Γj)− 1) ,
where Γj ⊂ Γ′ are the connected components. Thus, there exists j such that
b1(Γj) = 0, and vqi /∈ V (Γj) for all k + |α| < i ≤ r = k + |α| + |β|. Without
loss of generality we may assume that j = 1. Since b1(Γ1) = 0, it follows (e.g.
by induction on |V f (Γ1)|) that the natural map ⊕v∈V f (Γ1)NQ → ⊕e∈Eb(Γ1)NQ is
surjective; hence ⊕v∈V f (Γ1)NQ → ⊕e∈Eb(Γ1)(N/Ne)Q is also surjective. Thus,
⊕v∈V f (Γ1)NQ → ⊕e∈Eb(Γ1)(N/Ne)Q
⊕
⊕v∈V f
1
(Γ1)
NQ
⊕
⊕v∈E∞(Γ1)(N/Ne)Q
is so by the surjectivity of (3.1), where V1 (resp. V
f
1 ) denotes the set of (resp.
finite) vertices of valency one. Then 2|V f (Γ1)| ≥ |Eb(Γ1)|+2|V
f
1 (Γ1)|+ |E
∞(Γ1)|,
or equivalently,
2|V (Γ1)| ≥ |E(Γ1)|+ 2|V1(Γ1)|.
On the other hand, Γ is stable, hence val(v) ≥ 3 for any v ∈ V (Γ1) \V1(Γ1). Thus,
2|E(Γ1)| ≥ 3|V (Γ1)| − 2|V1(Γ1)|.
The two inequalities imply |E(Γ1)| ≥ |V (Γ1)|. However, |V (Γ1)| − |E(Γ1)| = 1,
since b1(Γ1) = 0. We got a contradiction, and the proof is now complete.
Remark 3.1. Similar argument can be used to obtain another proof of [6, Proposi-
tion 2.23]. Indeed, if k = dim(V ) = |β|+pg(C)−1 then, to avoid the contradiction,
one must have equalities in all the inequalities above. Thus, b1(Γj) ≤ 1 for any j. If
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b1(Γj) = 0 then V (Γj) contains unique vqi with k+|α| < i ≤ r = k+|α|+|β|, no edge
of Γj has trivial slope, and Γj has only vertices of valency 3 and 1. Hence, if there
exists j such that b1(Γj) = 1 then vqi /∈ V (Γj) for all k+ |α| < i ≤ r = k+ |α|+ |β|,
and one easily gets a contradiction similar to the contradiction we got in the proof.
Thus, b1(Γj) = 0 for all j, Γ is trivalent, and no edge of Γ has trivial slope.
4. Examples and counterexamples
Throughout this section, k denotes an algebraically closed ground field of positive
characteristic p, r ∈ N, and q = pr. Let us fix the notation. Set N := Z2, and
nk,1 := ( 01 ) , nk,2 := (
k
1 ) , nk,3 :=
(
−k
−2
)
,mk,1 := ( 10 ) ,mk,2 :=
(
−1
k
)
,mk,3 := ( 00 ) ;
n′k,1 := (
0
1 ) , n
′
k,2 := (
k
1 ) , n
′
k,3 :=
(
0
−1
)
, n′k,4 :=
(
−k
−1
)
,
m′k,1 := (
0
0 ) ,m
′
k,2 := (
1
0 ) ,m
′
k,3 := (
0
k ) ,m
′
k,4 :=
(
−1
k
)
.
Let ∆k ⊂ MR denote the triangle with vertices mk,i, and ∆
′
k ⊂ MR denote the
parallelogram with vertices m′k,i. Let Σk and Σ
′
k be the fans in NR dual to ∆k
and ∆′k, i.e., the complete fans generated by the rays ρk,i = R+nk,i and ρ
′
k,i =
R+n
′
k,i respectively. Set Sk := XΣk(k), S
′
k := XΣ′k(k), Lk := OSk(∆k), and L
′
k :=
OS′k(∆
′
k). To simplify the notation, we will write Eρi and Eρ′i instead of Eρi(k)
and Eρ′i(k) when refereeing to the components of the boundary divisors. We will
also omit the subindex k everywhere if k is given and no confusion is possible.
4.1. Counterexamples to Theorem 1.2 (2) over k. Two series of counterex-
amples are constructed in Theorems 4.1 and 4.2. One can prove each of them either
by a straight-forward computation, or by developing a more general approach. To
demonstrate both, we prove Theorem 4.1 by a computation, and give a conceptual
proof of Theorem 4.2.
Theorem 4.1. Assume that p > 2. Let V irr(Sq,Lq, 0) be the Severi variety param-
eterizing irreducible rational curves in |Lq| that do not contain the zero-dimensional
orbits in Sq, and C be a curve corresponding to a closed point of V
irr(Sq,Lq, 0).
Then C has a unique singular point, and the type of the singularity is Aq−1. If
C′ corresponds to a general closed point of V irr(Sq,Lq, 0) then C′ intersects C
at a unique point, and the intersection index at this point is q. Furthermore,
V irr(Sq,Lq, 0) is irreducible and has expected dimension −C.KSq − 1.
Proof. Since q is odd, the integral lengths of the sides of ∆q are one, and hence
C.Eρi = 1 for all i. Thus, there exists unique isomorphism P
1 → C˜, where C˜
denotes the normalization of C, taking 0, 1, and ∞ to the preimages of C ∩ Eρ1 ,
C ∩ Eρ2 , and C ∩ Eρ3 . Let t be the coordinate on A
1 = P1 \ {∞}. Then the map
f : P1 → C˜ → Sq is given by
(4.1) f∗(xm) = χ(m)t(n1,m)(t− 1)(n2,m),
where χ : M → k∗ is a multiplicative character. Vice versa, for any multiplicative
character χ : M → k∗, (4.1) defines a map from P1 to Sq whose image corresponds
to a closed point of V irr(Sq,Lq, 0). We constructed a natural isomorphism
ι : V irr(Sq,Lq, 0)→ TN (k).
Hence V irr(Sq,Lq, 0) is irreducible, and has expected dimension 2 = −C.KSq − 1.
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We claim that the differential of f vanishes at t = 12 . Indeed, the log derivatives
of f∗(xm) are given by (n1,m)t +
(n2,m)
t−1 ; hence vanish at t =
1
2 . Let e1, e2 ∈ M
be the standard basis, and a := xe1 − xe1 (f(12 )), b := x
e2 − xe2 (f(12 )) be the local
coordinates at f(12 ). Then
f∗(a) = χ(e1)
(
t−
1
2
)q
, f∗(b) = χ(e2)
(
t−
1
2
)2
,
and the image of f satisfies the equation
χ(e2)
qa2 = χ(e1)
2bq.
Hence the singularity of C at f(12 ) is of type Aq−1. Note that the arithmetic genus
of Lq is equal to the number of integral points in the interior of ∆q, which is equal
to q−12 = δ(Aq−1). Thus, C has a unique singular point.
Since L2q = 2Area(∆q) = q, it is sufficient to show that C ∩ C
′ is a point. Set
χ′ := ι(C′). Then f ′ : P1 → C˜′ → Sp is given by (4.1) with χ replaced by χ′. If
f(s) = f ′(s′) then f ′∗(m)(s′) = f∗(m)(s) for all m ∈M . In particular,
χ(m1)(s
q − 1) = χ(m1)(s− 1)
q = χ′(m1)(s
′ − 1)q = χ′(m1)((s
′)q − 1)
and χ(m2)s
q = χ′(m2)(s
′)q. Hence the intersection point is unique, and is given by
s = q
√
χ′(m2)χ(m1)− χ′(m2)χ′(m1)
χ(m1)χ′(m2)− χ′(m1)χ(m2)
and s′ = q
√
χ(m2)χ(m1)− χ(m2)χ′(m1)
χ(m1)χ′(m2)− χ′(m1)χ(m2)
.
The proof is now complete. 
Theorem 4.2. Let V irr(S′q,L
′
q, 0) be the Severi variety parameterizing irreducible
rational curves in |L′q| that do not contain the zero-dimensional orbits in S
′
q, and C
be a curve corresponding to a closed point of V irr(S′q,L
′
q, 0). Then all singularities
of C are unibranch, and the number of singular points of C is one if p = 2, and
is two if p > 2. If C′ corresponds to a general closed point of V irr(S′q,L
′
q, 0)
then C′ intersects C at two points, and the intersection index at these points is q.
Furthermore, V irr(S′q,L
′
q, 0) is irreducible and has expected dimension −C.KS′q−1.
Proof. Consider the sublattice N ′ ⊂ N spanned by ( q0 ) and (
0
1 ). Then the toric
surfaces corresponding to the fan Σ′2 with respect to N
′ is P1×P1, S′q is the quotient
of P1×P1 by the action of µq, and π : P
1×P1 → S′q is bijective. Furthermore, since
the restrictions of N and of N ′ onto the rays of Σ′2 coincide, the restriction of the
action onto the one-dimensional torus orbits of P1 × P1 is free.
Set D := π−1(C) = C ×S′q (P
1 × P1). The integral length of the sides of ∆′q
is one, hence C.Eρ′i = 1, and D intersects each coordinate line at a unique point
with multiplicity q. Hence D ∈ |OP1×P1(q, q)|. If η ∈ C is the generic point then
η ×S′q (P
1 × P1) = Spec
(
k(η)[(xm
′
2 )1/q]
)
. Thus, the reduced curve L := Dred
is rational and belongs to the linear system |OP1×P1(q1, q1)| for some q1 = p
r1 .
Furthermore, it intersects each coordinate line at a unique point, and is unibranch
at these points.
Fix an isomorphism from P1 to the normalization of L, and consider the pro-
jections π1, π2 : P
1 → L → P1 × P1 ⇒ P1. Then |π−1i (0)| = |π
−1
i (∞)| = 1. Hence
πi = Frq1 ◦ φi = φi ◦ Frq1 for some φi ∈ Aut(P
1), where Frq1 : P
1 → P1 denotes
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the Frobenius morphism. Thus, L ∈ |OP1×P1(1, 1)|, q1 = 1, and L is the normaliza-
tion of C. We constructed a bijection between V irr(S′q,L
′
q, 0) and an open subset of
|OP1×P1(1, 1)|, hence V
irr(S′q,L
′
q, 0) is irreducible, and has dimension 3 as expected.
Since two general curves in |OP1×P1(1, 1)| intersect at two points, it follows that
their images on S′q are tangent to each other at two points to order q. Since π is
bijective, all singularities of C are unibranch. Consider the (non-cartesian) diagram
L _
ι

f //
piι
##●
●
●
●
●
●
●
●
●
●
C _

P1 × P1 pi
// S′q
and the corresponding diagram of sheaves of log-differential forms
M ′ ⊗Z OL ι∗ΩP1×P1
(
log
(
∂(P1 × P1)
)) dι // ΩL (log (ι∗∂(P1 × P1)))
M ⊗Z OL
OO
(πι)∗ΩS′q
(
log
(
∂(S′q)
)) d(piι) // ΩL (log ((πι)∗∂(S′q)))
which exists since L and C intersect ∂(P1 × P1) and ∂(S′q) transversally. For the
same reason there exists a natural exact sequence
0 // OL(−L) // M ′ ⊗Z OL
dι // ΩL
(
log
(
ι∗∂(P1 × P1)
))
// 0,
and ΩL
(
log
(
(πι)∗∂(S′q)
))
= ΩL
(
log
(
ι∗∂(P1 × P1)
))
≃ OL(2), since L2 = 2.
Let z ∈ L be a point, and set F := Coker (d(πι)). Then f(z) ∈ C is singular
if and only if z ∈ supp(F). Hence the number of singular points of C is equal
to |supp(F)|. The image of M ⊗Z OL in M ′ ⊗Z OL is isomorphic to OL, since
Z2 = M → M ′ = Z2 is given by
(
q 0
0 1
)
. Hence ht(F) = 2. Furthermore, since
x(
0
1 )|L has two simple zeroes and two simple poles, |supp(F)| is equal to the number
of zeroes of the differential d
(
t−ξ
t(t−1)
)
on P1 for some ξ 6= 0, 1,∞, which is equal to
one if p = 2, and is equal to two if p > 2. 
Remark 4.1. (1) One can describe the type of the singularities of C ⊂ S′q in terms
of Greuel-Kro¨ning classification of simple singularities in positive characteristic [4].
If p > 2 then the singularities of C are of type Aq−1, and if p = 2 then the
singularity is of type Aq−22q−2, i.e. in formal local coordinates given by the equation
x2 + xyq + y2q−1 = 0 or, equivalently, by x2 + xyq + λyq = 0, λ 6= 0. To see this,
one can do a straightforward computation similar to the computation in the second
paragraph of the proof of Theorem 4.1, which we leave to the reader.
(2) Observe that the weighted projective plane Sq is the quotient P
2/µq. One
can check that the rational curves C,C′ ⊂ Sq are the images of lines L,L′ ⊂ P2
that do not contain the zero-dimensional orbits. This observation can be used to
give another proof of Theorem 4.1 similar to the proof of Theorem 4.2.
(3) Let k be a natural number divisible by p, and suppose that q is the maximal
power of p dividing k. Consider the toric surfaces Sk and S
′
k, and the Severi
varieties V irr(Sk,Lk, 0) and V irr(S′k,L
′
k, 0). One can show that the general point
of V irr(S′k,L
′
k, 0) corresponds to a curve with
k
q − 1 points of type A2q−1, and
ON ZARISKI’S THEOREM IN POSITIVE CHARACTERISTIC 15
either two singular points of type Aq−1 if p > 2, or one singular point of type
Aq−22q−2 if p = 2. Furthermore, the curves corresponding to two general points in
V irr(S′k,L
′
k, 0) intersect at 2
k
q distinct points, and have contact of order q at each
of them. Similarly, if k is odd then one can show that the general closed point
of V irr(Sk,Lk, 0) corresponds to a curve with one singular point of type Aq−1,
and 12
(
k
q − 1
)
points of type A2q−1. Furthermore, the curves corresponding to
two general closed points in V irr(Sk,Lk, 0) intersect at
k
q distinct points, and have
contact of order q at each of them. We leave the details to the reader.
(4) Another interesting example in characteristic p = 2 can be obtained if, for
k divisible by four, one considers the Severi variety parameterizing rational curves
in the linear system |Lk| having unique intersection with each one of the three
one-dimensional orbits, and not containing the zero-dimensional orbits. I this case,
the general curve C has a unibranch singularity at its point of intersection with
Eρ3 , and
1
2
(
k
q − 1
)
points of type A2q−1. As before, two general curves intersect
non-transversally, and the Severi variety is irreducible and has expected dimension.
(5) The curves corresponding to the closed points of V irr(S3,L3, 0) can be iden-
tified naturally with the plane cubic curves having contact of order three to two co-
ordinate axis at their points of intersection with the third axis. To see this, observe
that the triangle ∆3 is contained in the triangle with vertices
(
−1
0
)
,
(
−1
3
)
, ( 20 ),
whose integral points correspond to a basis of the space of plane cubic curves.
Plainly, the integral points of ∆3 correspond to the basis of the subspace men-
tioned above. Assume that p = 3. Then any curve corresponding to a closed point
of V irr(S3,L3, 0) has a cusp in the maximal orbit and any two such curves have
a contact of order three by Theorem 4.1. Hence the same is true for plane cubic
curves having contact of order three to two coordinate axis at their points of in-
tersection with the third axis. Finally, since Aut(P2) acts transitively on the set of
lines, it follows that the general curve in the Severi variety parameterizing plane cu-
bics having contact of order three at unspecified points to a pair of lines is cuspidal,
and any two such cubics have contact of order three. Another way to see that such
cubics are cuspidal was suggested to us by Joe Harris: if a plane cubic C contacts
two lines to order three then there is an element of order three in the Picard group
Pic(C). However, Gm has no elements of order equal to the characteristic. Hence
Pic(C) = Ga, and C is cuspidal.
4.2. Examples of reducible Severi varieties on toric surfaces over k.
Theorem 4.3. Let d ≥ 2, q−12 ≤ g1 ≤ min
{
2dq−2d−q−1
2 ,
(d−1)(d−2)
2
}
, and q − 1 ≤
g2 ≤ min
{
2dq − q − d− 1, (d− 1)2
}
be positive integers. Then the Severi variety
V irr(S′q, (L
′
q)
d, g2) is reducible, and V
irr(Sq,Ldq , g1) is reducible if p > 2.
The idea of the proof is to show that the Severi varieties contain components
whose general closed points correspond to curves with different types of singulari-
ties. To prove the theorem we will need some preparations.
4.2.1. Deformation theory.
Lemma 4.4. Let k ≥ 0 be an integer, S be a (not necessarily complete) smooth
rational surface, C ⊂ S be a complete reduced curve, x1, . . . , xk ∈ C be some of
its nodes, C′ be the partial normalization of C preserving the nodes x1, . . . , xk, and
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f : C′ → S be the natural morphism. Assume that −f(E′).KS−
∑
x∈E′ ordx(df) > 0
for any irreducible component E′ ⊆ C′, where ordx(df) denotes the order of van-
ishing of df at x. Then the deformation space of the pair (C′, f) is smooth, un-
obstructed, and has expected dimension −C.KS + pa(C′) − 1. In particular, C de-
forms to a curve of geometric genus pa(C
′) smooth in the neighborhood of the points
x1, . . . , xk. Furthermore, if C
′ is connected then the deformed curve is irreducible.
Proof. Let Nf = Coker (ΘC′ → f
∗ΘS) be the normal sheaf of f . Recall that the
deformations of nodal curves are unobstructed, and any deformation of the nodes
lifts to a global deformation of the curve. Furthermore, since S is smooth, by the
infinitesimal lifting property, we have a natural exact sequence
(4.2) 0→ H0(C′,Nf )→ Def
1(C′, f)→ H0
(
C′, Ext1OC′ (ΩC′ ,OC′)
)
→ 0 ,
and if H1(C′,Nf ) = 0 then the deformation space Def(C′, f) is smooth, unob-
structed, any deformation of the nodes of C′ lifts to a deformation of the pair (C′, f),
and the general deformation of (C′, f) is a smooth curve with a map to S. Thus,
the last claim of the lemma will also follow from the vanishing H1(C′,Nf ) = 0.
Note that H1(C′,Nf ) = H1(C′,Nf/N torf ) since H
1(C′,N torf ) = 0, and let us show
that H1(C′,Nf/N torf ) = 0.
Since S is smooth, ΩS is a locally free sheaf. Consider the exact sequence
0→ L → f∗ΩS → ΩC′ → N
tor
f → 0 .
The sheaf L is invertible since f is an embedding in a neighborhood of each node
of C′. Furthermore, N torf = OD for the divisor D =
∑
x∈C′ ordx(df) ·x ⊂ C
′ whose
support belongs to the smooth locus of C′. Hence the sequence
(4.3) 0→ L→ f∗ΩS → ΩC′(−D)→ 0
is exact, and after dualizing it, we obtain an exact sequence
0→ ΘC′(D)→ f
∗ΘS → L
∗ → Ext1OC′ (ΩC′(−D),OC′)→ 0 .
Let m ⊂ OC′ be the ideal sheaf of the nodes of C
′. Then Ext1OC′ (ΩC
′ ,OC′) ≃
Ext1OC′ (ΩC
′(−D),OC′) ≃ OC′/m, and we have an exact sequence
(4.4) 0→ N torf → Nf → L
∗ → OC′/m→ 0 .
Let φ : C˜ → C′ be the normalization of C′. By (4.4), Nf/N torf ≃ mL
∗ ≃ φ∗F
for an invertible sheaf F on C˜, and
H1(C′,Nf/N
tor
f ) = H
1(C˜,F) = ⊕EH
1(E,F|E),
where the sum is taken over all irreducible components E ⊂ C˜. Pick E, and set
φE := φ|E . Let ∆E ⊂ E be the preimage of the nodes of C′. Then the sequence
0→ F|E → φ
∗
EL
∗ → O∆E → 0
is exact. Hence c1(F|E) = c1(φ∗EL
∗)− |∆E |.
Since L is invertible and E is smooth, the pullback of (4.3)
0→ φ∗EL → φ
∗
Ef
∗ΩS → φ
∗
EΩC′(−D)→ 0
is exact. Thus, c1(φ
∗
EL) = f(φE(E)).KS − c1(ΩE)− |∆E |+ deg(φ
∗
ED), and
(4.5) c1(F|E) = −f(φE(E)).KS + c1(ΩE)− deg(φ
∗
ED) > c1(ΩE)
by the assumption of the lemma. Hence H1(C′,Nf ) = ⊕EH
1(E,F|E) = 0.
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It remains to compute the dimension of Def(C′, f). Since Def(C′, f) is smooth,
dimDef(C′, f) = dimDef1(C′, f), and by (4.2) we obtain
dimDef(C′, f) = h0(C′,Nf ) + dimOC′/m = h
0(C′,Nf ) + pa(C
′)− pg(C
′) .
h0(C′,Nf ) = h0(C′,N torf ) + h
0(C˜,F)
= deg(D) +
∑
E (c1(F|E)− pg(E) + 1) = −C.KS + pg(C
′)− 1
by (4.4), (4.5), and Riemann-Roch theorem. Hence
dimDef(C′, f) = −C.KS + pa(C
′)− 1
as expected. The proof is now complete. 
4.2.2. Proof of Theorem 4.3. Proposition 4.5 (2), (4), and Proposition 4.6, which
we prove below, imply that under the assumptions of Theorem 4.3, the Severi
varieties contain at least two irreducible components, one of which parameterizes
curves having no nodes at all, and another parameterizing curves having at least
one node. This completes the proof of Theorem 4.3.
Proposition 4.5. Let d ≥ 1, 0 ≤ g1 ≤
(d−1)(d−2)
2 and 0 ≤ g2 ≤ (d−1)
2 be integers.
Then
(1) V irr(P2,OP2(d), g1) contains an irreducible component of maximal dimension
3d+ g1 − 1, whose general closed point corresponds to a nodal curve.
(2) Assume that p > 2. Then the Severi variety V irr(Sq,L
d
q , g1) contains an
irreducible component V , such that the curve corresponding to a general closed
point of V has no nodes among its singularities.
(3) V irr(P1×P1,OP1×P1(d, d), g2) contains an irreducible component of maximal
dimension 4d+ g2 − 1, whose general closed point corresponds to a nodal curve.
(4) The Severi variety V irr(S′q, (L
′
q)
d, g2) contains an irreducible component V
′,
such that the curve corresponding to a general closed point of V ′ has no nodes
among its singularities.
Proposition 4.6. Let d ≥ 2, q−12 ≤ g1 ≤
2dq−2d−q−1
2 , and q − 1 ≤ g2 ≤ 2dq − q −
d− 1 be positive integers.
(1) Assume that p > 2. Then V irr(Sq,Ldq , g1) contains an irreducible component
of maximal possible dimension 3d+ g1 − 1, whose general closed point corresponds
to a curve having at least one node.
(2) V irr(S′q, (L
′
q)
d, g2) contains an irreducible component of maximal possible
dimension 4d+ g2 − 1, whose general closed point corresponds to a curve having at
least one node.
Proof of Proposition 4.5. (1) Let C be the union of d general lines. Then C has
only nodes as its singularities. Mark δ = (d−1)(d−2)2 − g1 nodes such that their
complement in C is connected (e.g. mark only nodes that do not belong to one
of the lines), and let x1, . . . , xd+g1 be the unmarked nodes. Let (C
′, f) be as in
Lemma 4.4. Then C′ is connected, pa(C
′) = g1, and C.KP2 = −3d. Hence the
dimension of Def(C′, f) is 3d+g1−1, and by Lemma 4.4, a general deformation of
(C′, f) consists of an irreducible curve with a map to P2. Since C′ → C is birational,
the fiber over C of the natural projection Def(C′, f) → |OP2(d)| is finite. Thus,
V irr(P2,OP2(d), g1) contains an irreducible component V˜ of dimension 3d+ g1 − 1
whose general closed point corresponds to a nodal curve.
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(2) By Theorem 1.2 (1),
dim(V irr(Sq,L
d
q , g1)) ≤ −L
d
q .KSq+g1−1 = 3d+g1−1 = dim(V
irr(P2,OP2(d), g1)).
Let V˜ ⊂ V irr(P2,OP2(d), g1) be an irreducible component as in (1). Recall that
Sq = P
2/µq. Let π : P
2 → Sq be the natural projection, and D ⊂ P
2 be a curve
corresponding to a closed point of V˜ . Then π(D) corresponds to a closed point
of V irr(Sq,Ldq , g1). Since π is bijective all the singularities of π(D) ∈ |L
d
q | are
unibranch, but the images of the nodes of D, which are mapped to singularities of
type A2q−1. The induced map π˜ : V˜ → V irr(Sq,Ldq , g1) is injective, and V := π˜(V˜ )
satisfies the required condition.
The proofs of (3) and (4) are identical to the proofs of (1) and (2). We leave the
details to the reader. 
Proof of Proposition 4.6. Let C be the union of a general curve E ∈ |Lq| and
d − 1 curves C1, . . . , Cd−1 corresponding to general points of V irr(Sq,Lq, 0). The
curve ∪d−1i=1Ci has no nodes by Theorem 4.1. Thus, C has (d − 1)q nodes, since
Lq.Lq = 2Area(∆q) = q and E is a general curve in a very ample linear system.
Mark 2dq−2d−q+12 − g1 nodes on C in such a way that for each i at least one
of the nodes in E ∩ Ci is not marked. Let x1, . . . , xk be the remaining nodes.
Then k = g1 +
2d−q−1
2 . Let (C
′, f) be as in Lemma 4.4. Then C′ is connected,
pa(C
′) = pa(E) + k − (d − 1) = g1, and the irreducible components of C′ are: E
and the normalizations P1i of Ci. Furthermore, by Theorem 4.1, each P
1
i contains a
unique point at which the differential of the map P1i → Σq vanishes, and the order
of vanishing at this point is one, since in local coordinates f is given by t 7→ (t2, tq)
(cf. the second paragraph in the proof of Theorem 4.1). Thus, the assumptions of
Lemma 4.4 are satisfied, since KΣq .Ci = KΣq .E = −3.
Hence the dimension of Def(C′, f) is 3d + g1 − 1, and a general deformation
of (C′, f) consists of an irreducible curve with a map to Sq by Lemma 4.4. Since
C′ → C is birational, the fiber over C of the natural projection Def(C′, f)→ |Ldq |
is finite. Thus, V irr(Sq,Ldq , g1) contains an irreducible component of dimension
3d+ g1 − 1. Furthermore, since each marked node of C has two preimages in C
′,
the curve corresponding to a general closed point of the component has at least
2dq−2d−q+1
2 − g1 ≥ 1 nodes.
The proof of (2) is almost identical. The only difference here is that each rational
component contains two points at which the differential df vanishes if p > 2, and
unique such point if p = 2. In the first case, the order of vanishing of df at each
point is one. In the second case it is two, since in local coordinates the map is given
by t 7→ ( t
2
t−λ , t
q), λ 6= 0. Hence one can use Lemma 4.4 again to obtain the result.
We leave the details to the reader. 
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